The equation of state inside very compact objects like neutron stars is still largely unkown. Even though a lot progress has been made in recent years to develop the so-called realistic equations of state, a lot of insight can be gained by using polytropic equations of state to integrate the stellar equations of structure. In this work we provide a brief review of the Newtonian and relativistic equations of structure and present some numerical results, which we believe that can be useful for students starting to work on this field. The internal structure of the Newtonian polytropes is obtained by the numerical integration of the Lane-Emden equation, and we used our results which can also be used to study the Chandrasekhar limit for white dwarfs. However, Newtonian physics cannot correctly describe very compact and massive objects. There is an upper mass limit for neutron stars, supported by observations, which is not predicted by the Newtonian equations. Neutron stars are best described under the framework of General Relativity. The introduction of the TOV equations (as well as the relativistic Lane-Emden equations) is, therefore, necessary to correctly identify stable and non-stable models via the mass-radius relation. The analysis of the EoS also becomes relevant to discard models that allow a possible violation of causality (sound speed larger than c).
Introduction
The current period of discoveries in the fields of Physics allows the acquisition of knowledge and understanding of physical phenomena previously unknown. Cosmology, for instance, is no different. The accelerated expansion of the universe, the recurrent related terms energy and dark matter, the possible emission of gravitational waves in binary systems among others are the new phenomenology present nowadays. Amongst this phenomenological diversity, one can also highlight an object of fundamental importance to the physical verification of gravitational waves emission: neutron stars. Thus, the study of these compact objects is important for the substantiation of predictions made based on the theory of General Relativity [1] .
Accurate models of neutron stars are still under development. The equation of state of matter in the extreme conditions found in the center of those objects remains unknown. There is a variety of factors that can be taken into account. The existence of a solid crust, magnetic fields, rotation and superfluidity are just a few of them [1] . The study of neutron stars is therefore highly interdisciplinary, covering many areas of Physics. Nevertheless, it is necessary to check whether models derived from different assumptions and simplifications are physically consistent and correct. Due to its high compactness it is natural that neutron stars are studied under the framework of General Relativity.
In this work we have studied the non-relativistic (Newtonian) and relativistic stellar equations of structure with a polytropic equation of state, and numerical results were obtained with a MAT-LAB code. Although these results are not new in the literature, we believe that the compilation of the relevant equations and some numerical results will be useful for students starting on this field.
The paper is organized as follows. Section 2 briefly review the relevant equations for stellar structure used in this paper. In Section 3 we present the numerical results obtained for relativistic and non-relativistic polytropes and finally in Section 4 we present our final remarks.
Stellar equations of structure

Non-relativistic stars
A non-relativistic star in equilibrium can be described by the equations
where r is the radial coordinate inside the star, P is the density, ρ is the total mass density and M(r) is the total mass inside a radius r. An equation of state P(ρ) also needs to be supplied, and we use a polytropic equation of state of the form
where n the polytropic index and K may be established by specifying the density and pressure at the center.
Introducing the new variables x and y defined by the system
where 
The Lane-Emden functions are the solutions of eq. (2.7) with initial conditions y(0) = 1 and dy dx (0) = 0. On the surface of the star x(R) = AR and y(R) = 0. After solving the Lane-Emden equation (2.7) for a given value of the polytropic index n, we can fix the radius R and the total mass M(R) of the star. The parameter A is fixed by the relation x(R) = AR, the central density is given by 8) and the constant K can be obtained from eq. (2.6). Finally, ρ(r) and p(r) are given by eqs.(2.5) and (2.3).
Relativistic stars
In the relativistic treatment, eq. (2.1) is replaced by the Tolman-Oppenheimer-Volkoff (TOV) equation given by
The relativistic Lane-Emden equation can be obtained by introducing the new dimensionless coordinates (similarly to what was done in the non-relativistic case):
With the definitions (2.10), (2.11) and (2.12) and the equation of state (2.3), eqs. (2.2) and (2.9) can be rewritten as where
and P c is the central pressure. In the non-relativistic limit σ → 0, eqs. (2.13) and (2.14) can be recombined to give the Lane-Emden equation (2.7) with x = ξ and y = θ . The relativistic Lane-Emden functions are the solutions of eqs. (2.13) and (2.14) with the initial conditions θ (0) = 1 and v(0) = 0. The surface of the star is represented by the first zero ξ 1 of θ .
Having solved eqs. (2.13) and (2.14) for given values of n and σ , one can choose a value of ρ c to fix the other parameters of the solution and the equation of state.
Numerical results
We developed a MATLAB code to solve the Lane-Emden equation (2.7) and obtain the stellar structure inside the polytrope [3] . Some relevant quantities obtained for the Lane-Emden functions with different values of n are listed on table 1.
On figure 1, we present some typical results obtained for a n = 3 polytrope (usually refered to as the standard model), representing a star of 1M ⊙ and 1R ⊙ , with ρ c = 76, 46 g/cm 3 and K = 3.84× 10 14 dyn cm 2 /g 4/3 . We point out that a white dwarf can also be modelled as a n = 3 polytrope. In a white dwarf, the electron degeneracy pressure provides the means for stabilizing the star against its gravitational radiation, and the equation of state of a relativistic degenerate electron gas is of the from p = Kρ 4/3 . Note that from eqs. (2.8) and (2.6) it can be shown that for n = 3 the total mass M(R) is independent from the central density ρ c , which corresponds to the Chandrasekhar limit for white dwarfs [5] . These stars have a mass less than the Chandrasekhar limit of approximately 1.4M ⊙ and radius of the order of 10 4 km [4] .
After a low or medium mass star has finished burning most of its hydrogen and helium, it can become a white dwarf. At this stage, if the star has a mass below that of the Chandrasekhar limit, the collapse is limited by the degeneracy pressure of electrons (the Pauli exclusion principle), resulting in a stable white dwarf. However, if the star does not have any more fuel to maintain its production of energy and has a mass greater than the Chandrasekhar limit, the pressure exerted by the electrons is not sufficient to withstand the force of gravity and the star collapses. Its density will increase dramatically, leading to the formation of a neutron star or black hole 1 [6, 7] . The Chandrasekhar limit is a result from the effects predicted by Quantum Mechanics considering the behavior of electrons that cause the degeneracy pressure of a white dwarf. Electrons, as fermions, cannot occupy the same energy level, i.e., cannot be described by the same quantum numbers. Thus, in white dwarfs, a large amount of electrons are at higher energies, causing a certain amount of pressure capable of sustaining the star. For a mass greater than the limit, the degenerescence pressure becomes insufficient to prevent the imminent contraction of the star. So far, no white dwarf with mass greater than the Chandrasekhar limit has been observed [8] . In the relativistic treatment, we have extended our calculations, including all the results previously done, to stiffer (incompressible matter, n → 0) EoS. The results obtained are presented in tables 2-4. For any solution with given values of n, σ and and a chosen value of ρ c , we can determine K from eq. (2.15), and we can obtain R and M(R) with
. Table 2 : Lane-Emden relativistic functions parameters for n = 3.0 (left) and n = 2 (right).
P/ρc 2 achieves its maximum value σ , v 2 s = c 2 γσ . If σ > 1/γ, the speed of sound would exceed that of light and the fluid inside the star could violate causality.
BothM and M increase with σ until a value σ CR , as can be seen in figure 2 for n = 1. Since dm/dρ c > 0 is a necessary condition for stability, σ CR marks the onset of the first mode of radial instability [9] . 
Final remarks
The present work enabled the acquisition of fundamental knowledge to develop models of Newtonian and Relativistic stars. Through the implementation of numerical methods along with literature review, it was possible to obtain results that simulate the intra-stellar medium and to Table 3 : Lane-Emden relativistic functions parameters for n = 1.0 (left) and n = 0.5 (right). Table 4 : Lane-Emden relativistic functions parameters for n = 0.1 (left) and n = 0.0 (right).
verify the main physical properties of polytropic stars. As for the simulations, the results obtained show a very good agreement when compared to previous results found in literature. The classic study of the polytrope of index n = 3 allowed us to determine important physical characteristics such as the maximum mass limit and relate it to a phenomenon well known to the white-dwarfs, the Chandrasekhar limit. From this, it was possible to understand the concept of degenerate matter and its relation to gravitational collapse. However, the verification that Newtonian equations do not correctly explain the behavior of stellar masses for different radii has become essential. Newtonian equations describe the behavior of masses through an indefinite growth whereas General Relativity provides a maximum value of mass for each equation of state. It is, therefore, necessary to use relativistic corrections for an accurate simulation of compact and massive objects.
The execution of the simulations allowed, therefore, the development of technical and intuitive notions about the general behavior of stars, understanding the importance of the introduction of relativistic corrections and the results arising therefrom, which are essential for determining subluminal and stable solutions.
